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Abstract
This paper presents a Duduchava–Saginashvili’s type theory for Wiener–Hopf plus Hankel operators with
semi-almost periodic Fourier symbols and acting between Lp Lebesgue spaces. This means the obtainment
of one-sided invertibility and Fredholm property for these operators upon certain mean values of the repre-
sentatives at infinity of their Fourier symbols. Additionally, a formula for the Fredholm index is provided
by introducing a corresponding winding number of some new elements.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In 1977 Sarason [21] developed the semi-Fredholm theory for Toeplitz operators in the Hardy
space H 2, with symbols in the algebra of semi-almost periodic elements. In fact, the class of
semi-almost periodic functions was introduced by Sarason in that paper. Later on, also for semi-
almost periodic Fourier symbols, Duduchava and Saginashvili [7,20] worked out the correspond-
ing semi-Fredholm theory for Wiener–Hopf operators acting between Lp spaces (1 <p < ∞).
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operators with semi-almost periodic Fourier symbols, and also acting between Lp spaces (1 <
p < ∞).
We point out that great attention has recently been devoted to Wiener–Hopf plus Hankel op-
erators with several types of Fourier symbols, see, e.g., [4,6,8–10,12,13,15,18,19,23]. Most of
the interest comes directly from the mathematical physics applications where those operators
arise [4,5,16,24]. Although we may say that the theory of Wiener–Hopf plus Hankel operators
is well developed for some classes of Fourier symbols like the case of continuous or piecewise
continuous functions, this is not the case for the semi-almost periodic class.
Thus, we will consider Wiener–Hopf plus Hankel operators of the form
WHφ = Wφ +Hφ :Lp+(R) → Lp(R+), (1)
where Wφ and Hφ are Wiener–Hopf and Hankel operators defined by
Wφ = r+W 0φ = r+F−1φ ·F :Lp+(R) → Lp(R+), (2)
Hφ = r+W 0φJ = r+F−1φ ·FJ :Lp+(R) → Lp(R+), (3)
respectively. Here, for 1 < p < ∞, Lp+(R) denotes the subspace of the usual Lebesgue space
Lp(R) on the real line, formed by all the functions supported in the closure of R+ = (0,+∞).
The operator r+ is the restriction from Lp(R) into the Lebesgue space on the positive half-line
Lp(R+), F denotes the Fourier transformation, J is the reflection operator given by the rule
Jϕ(x) = ϕ˜(x) = ϕ(−x), x ∈ R, and φ belongs to the class of semi-almost periodic functions
SAPp that will be fully defined only after the following auxiliary notions.
For 1 <p < ∞, letMp stand for the set of all Fourier multipliers on Lp(R) defined as
Mp :=
{
φ ∈ L∞(R): W 0φ ∈ L
(
Lp(R)
)}
.
The class Mp when endowed with the norm ‖φ‖p = ‖F−1φ ·F‖L(Lp(R)) and pointwise multi-
plication forms a Banach algebra.
As usual, C(R˙) denotes the space of all continuous (complex-valued) functions on R for
which both limits at ±∞ exist and coincide. Analogously, C(R) denotes the set of all continuous
(complex-valued) functions on R with a possible jump at ∞. Let Cp(R˙) and Cp(R) denote the
closures in Mp of C(R˙) and C(R), respectively.
Let us now consider the algebra of the almost periodic functions, usually denoted by AP, i.e.,
the smallest closed subalgebra of L∞(R) that contains all the functions eλ (λ ∈ R), where
eλ(x) = eiλx, x ∈ R.
Since every function in AP may be represented by a series, but not every function in AP can be
represented by an absolutely convergent series, APW is precisely the subclass of all functions
ϕ ∈ AP which can be written in the form of an absolutely convergent series, i.e.,
APW :=
{
ϕ =
∑
j
ϕj eλj : ϕj ∈ C, λj ∈ R,
∑
j
|ϕj | < ∞
}
.
Additionally, since F−1eλ · F is a shift operator, we have APW ⊂Mp . Let APp denote the
closure of APW in Mp . It is well known that M2 = L∞(R), and therefore we have that AP2
coincides with AP. Moreover, we also have
APW ⊂ APp ⊂ AP.
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M(φ) := lim
α→∞
1
|Iα|
∫
Iα
φ(x) dx,
where for an unbounded set A ⊂ R+, {Iα}α∈A = {(xα, yα)}α∈A is a family of intervals Iα ⊂ R
such that |Iα| = yα − xα → ∞, as α → ∞. The Bohr mean value of a function in AP exists
always, is finite, and is independent of the particular choice of the family {Iα} (see, e.g., [1]).
In what follows, we will use the notation GB for the group of all invertible elements of a
Banach algebra B . From Bohr’s theorem, for each φ ∈ GAP there exist a real number κ(φ) and a
function ψ ∈ AP such that
φ = eκ(φ)eψ .
Since κ(φ) is uniquely determined, κ(φ) is usually called the mean motion of φ. The number
d(φ) := eM(ψ)
is called the geometric mean value of φ. In the case κ(φ) = 0, we may represent d(φ) as
d(φ) = eM(logφ),
where logφ is any function in AP for which φ = elogφ. For a function φ ∈ GAPp, Duduchava
and Saginashvili presented a similar result of Bohr’s theorem (see [7]). That is, every function
φ ∈ GAPp has a representation of the form
φ = eκ(φ)eψ, (4)
where κ(φ) is a real number and ψ ∈ APp .
The algebra of the semi-almost periodic functions on R (SAP) is by definition the smallest
closed subalgebra of L∞(R) that contains AP and C(R). In a more detailed way, by a well-
known characterization of SAP (cf. [21]), for any φ ∈ SAP there exist φl,φr ∈ AP and φ0 ∈ C(R˙),
φ0(∞) = 0, such that (for a fixed u in C(R) satisfying u(−∞) = 0 and u(+∞) = 1) it holds
φ = (1 − u)φl + uφr + φ0.
The function φ0 is defined uniquely by φ and the choice of u. The functions φl and φr are
uniquely determined by φ and independent of the choice of the functions u and φ0. These φl and
φr are usually called the almost periodic representatives of φ at −∞ and +∞, respectively.
It is now possible to define the class of the Fourier symbols φ in (1): SAPp denotes the set of
all functions of the form
φ = (1 − u)φl + uφr + φ0,
where φl,φr ∈ APp , φ0 ∈ Cp(R˙) such that φ0(∞) = 0 and u is a monotonically increasing real-
valued function in C(R) satisfying u(−∞) = 0 and u(+∞) = 1. Karlovich and Spitkovsky [11]
presented another definition of SAPp as being the smallest closed subalgebra ofMp that contains
APp and Cp(R) and proved that both definitions lead to the same class of functions (cf. [11,
Lemma 3.1]). Notice that SAP2 = SAP and, in this way, we have SAPp ⊂ SAP.
2. Connections between Wiener–Hopf plus Hankel and pure Wiener–Hopf operators
In this section, following the spirit of the Gohberg–Krupnik–Litvinchuk identity (see
[10,13,14] or [19], for instance) we will present a relation between Wiener–Hopf plus Hankel
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Such relation will have a significant role in the proof of the Duduchava–Saginashvili’s theorem
for Wiener–Hopf plus Hankel operators in the next section. For this purpose, we will first recall
some different types of relations between bounded linear operators.
Let us consider two bounded linear operators T :X1 → X2 and S :Y1 → Y2, acting between
Banach spaces. The operators T and S are said to be equivalent, and we will denote this by
T ∼ S, if there are two boundedly invertible linear operators, E :Y2 → X2 and F : X1 → Y1,
such that
T = ESF. (5)
It directly follows from (5) that if two operators are equivalent, then they belong to the same
regularity class [2,3,22]. More precisely, one of these operators is invertible, one-sided invertible,
Fredholm, one-sided regularizable, generalized invertible or normally solvable, if and only if the
other operator enjoys the same property.
The so-called Δ-relation after extension was introduced in [3] for bounded linear oper-
ators acting between Banach spaces, e.g., T :X1 → X2 and S :Y1 → Y2. We say that T is
Δ-related after extension to S if there are a bounded linear operator acting between Banach
spaces TΔ :X1Δ → X2Δ and invertible bounded linear operators E and F such that[
T 0
0 TΔ
]
= E
[
S 0
0 IZ
]
F, (6)
where Z is an additional Banach space and IZ represents the identity operator in Z. In the
particular case when TΔ :X1Δ → X2Δ = X1Δ is the identity operator, we say the T and S are
equivalent after extension operators.
It follows from (6) that if we have T being Δ-related after extension to S, then the transfer
of regularity properties can only be guaranteed in one direction, that is, from operator S to op-
erator T , as stated in [3, Theorem 2.1]. It is clear that this restriction occurs only here and in
contrast to what happens with the transfer of regularity properties between two equivalent (after
extension) operators, where the transfer can be done in both directions.
Lemma 1. Let φ ∈ GMp . Then the Wiener–Hopf plus Hankel operator WHφ :Lp+(R) →
Lp(R+) is Δ-related after extension to the Wiener–Hopf operator Wφφ˜−1 :L
p
+(R) → Lp(R+).
Proof. We start by extending WHφ on the left by the zero extension operator 	0 :Lp(R+) →
L
p
+(R), and therefore obtaining
WHφ ∼ 	0WHφ :Lp+(R) → Lp+(R). (7)
Choosing the notation P+ = 	0r+ and P− = ILp(R) − P+, we will now extend
	0WHφ = P+
(
W 0φ +W 0φJ
)∣∣
P+Lp(R)
to the full Lp(R) space by using the identity in Lp−(R). Next we will extend the obtained operator
to [Lp(R)]2 with the help of the auxiliary paired operator
T = (W 0φ −W 0φJ )P+ + P− :Lp(R) → Lp(R). (8)
Altogether, we have⎡⎣ 	0WHφ 0 00 IP−Lp(R) 0
0 0 T
⎤⎦= E1W1F1 (9)
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E1 = 12
[
ILp(R) J
ILp(R) −J
]
,
F1 =
[
ILp(R) ILp(R)
J −J
][
ILp(R) − P−(W 0φ −W 0φJ )P+ 0
0 ILp(R)
]
,
W1 =
[
W 0φ 0
W 0
φ˜
1
]
P+ +
[
1 W 0φ
0 W 0
φ˜
]
P−
=
[
1 W 0φ
0 W 0
φ˜
](
W 0Ψ P+ + P−
)
=
[
1 W 0φ
0 W 0
φ˜
](
P+W 0Ψ P+ + P−
)(
I[Lp(R)]2 + P−W 0Ψ P+
)
,
where in the last definition of operatorW1 we are using P± defined in [Lp(R)]2, and
Ψ =
[
0 −φφ˜−1
1 φ˜−1
]
.
We point out that the paired operator
I[Lp(R)]2 + P−W 0Ψ P+ :
[
Lp(R)
]2 → [Lp(R)]2
used above is an invertible operator with inverse given by
I[Lp(R)]2 − P−W 0Ψ P+ :
[
Lp(R)
]2 → [Lp(R)]2.
Therefore, we have just explicitly demonstrated that WHφ is Δ-related after extension to
WΨ = r+W 0Ψ :
[
L
p
+(R)
]2 → [Lp(R+)]2.
Further, we have[W
φφ˜−1	0 0
0 ILp(R+)
]
=WΨ 	0r+F−1
[
φ˜−1 1
−1 0
]
F	0 :
[
Lp(R+)
]2 → [Lp(R+)]2
which shows an explicit equivalence after extension relation between W
φφ˜−1 and WΨ . This
together with the Δ-related after extension between WHφ andWΨ concludes the proof. 
Corollary 2. Let φ ∈ GMp . If the Wiener–Hopf operator Wφφ˜−1 :L
p
+(R) → Lp(R+) is invert-
ible, left-invertible, right-invertible, Fredholm or normally solvable, then the Wiener–Hopf plus
Hankel operator WHφ :Lp+(R) → Lp(R+) has the same property.
Proof. The assertion is a direct consequence of the Δ-relation after extension between the two
operators presented in Lemma 1. 
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Let us start with the definition of an arc that will play a central role in the Fredholm property
of the Wiener–Hopf plus Hankel operators under study. Given two points z1, z2 ∈ C, we will
denote by A(z1, z2; 1p ) the circular arc that joins the points z1 and z2 as follows
A
(
z1, z2; 1
p
)
:=
{
1
2
(z1 + z2)− 12 (z1 − z2) coth
[
π
(
i
p
+ x
)]
, x ∈ R
}
.
We observe that:
(i) If 1 <p < 2, then the arc A(z1, z2; 1p ) lies on the left of the line segment [z1, z2].
(ii) If 2 <p < ∞, then A(z1, z2; 1p ) lies on the right of the line segment [z1, z2].
(iii) If p = 2, then A(z1, z2; 1p ) coincides with the line segment [z1, z2].
We are now able to present a Duduchava–Saginashvili’s type theorem for Wiener–Hopf plus
Hankel operators.
Theorem 3. Let φ ∈ GSAPp (with 1 <p < ∞).
(a) If κ(φl)+ κ(φr) < 0, then WHφ is right-invertible.
(b) If κ(φl)+ κ(φr) > 0, then WHφ is left-invertible.
(c) If κ(φl)+ κ(φr) = 0 and
0 ∈A
(
d(φr)
d(φl)
,
d(φl)
d(φr)
; 1
p
)
,
then at least one of the following propositions holds true:
(ci) WHφ is not normally solvable;
(cii) the operator T in (8) is not normally solvable.
(d) If κ(φl)+ κ(φr) = 0 and
0 /∈A
(
d(φr)
d(φl)
,
d(φl)
d(φr)
; 1
p
)
,
then WHφ is a Fredholm operator.
Proof. From the definition of SAPp, we have the following representation of φ,
φ = (1 − u)φl + uφr + φ0, (10)
where φl,φr ∈ APp , φ0 ∈ Cp(R˙) is such that φ0(∞) = 0 and u is a monotonically increasing
real-valued function in C(R) satisfying u(−∞) = 0 and u(+∞) = 1.
Due to φ ∈ GSAPp , it follows that φl,φr ∈ GAPp . Therefore, taking into account the version
of Bohr’s theorem for APp functions (cf. (4)) and the definition of the geometric mean value, we
have
φl = eκ(φl)d(φl)eωl (11)
and
φr = eκ(φr )d(φr)eωr (12)
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φ = (1 − u)d(φl)eκ(φl)eωl + ud(φr)eκ(φr )eωr + φ0. (13)
From Lemma 1 we already know that WHφ is Δ-related after extension to Wφφ˜−1 . Therefore,
we will focus now on the Wiener–Hopf operator W
φφ˜−1 .
From (13), we have
φ˜ = (1 − u˜)d(φl)e−κ(φl)eω˜l + u˜d(φr)e−κ(φr )eω˜r + φ˜0
and, consequently,
φφ˜−1 = (1 − u)d(φl)eκ(φl)e
ωl + ud(φr)eκ(φr )eωr + φ0
(1 − u˜)d(φl)e−κ(φl)eω˜l + u˜d(φr)e−κ(φr )eω˜r + φ˜0
.
Since the almost periodic representatives of φφ˜−1 are(
φφ˜−1
)
l
= d(φl)
d(φr)
eκ(φl)+κ(φr )eωl−ω˜r and
(
φφ˜−1
)
r
= d(φr)
d(φl)
eκ(φl)+κ(φr )eωr−ω˜l
and ωl,ωr ∈ APp are such that M(ωl) = M(ωr) = 0 (which implies M(ω˜l) = M(ω˜r) = 0), it
results that
κ
((
φφ˜−1
)
l
)= κ((φφ˜−1)
r
)= κ(φl)+ κ(φr)
and
d
((
φφ˜−1
)
l
)= d(φl)
d(φr)
, d
((
φφ˜−1
)
r
)= d(φr)
d(φl)
.
Applying now Duduchava–Saginashvili’s theorem to the Wiener–Hopf operator W
φφ˜−1 (see [7,
Theorems 2.1 and 2.2] or [1, Theorem 19.15]), it follows that:
(a) if κ(φl)+ κ(φr) < 0, then Wφφ˜−1 is right-invertible;
(b) if κ(φl)+ κ(φr) > 0, then Wφφ˜−1 is left-invertible;
(c) if κ(φl) + κ(φr) = 0 and 0 ∈A(d(φr )d(φl) ,
d(φl)
d(φr ) ; 1p ), then Wφφ˜−1 is not normally solvable, and
finally,
(d) if κ(φl)+ κ(φr) = 0 and 0 /∈A(d(φr )d(φl ) ,
d(φl)
d(φr ) ; 1p ), then Wφφ˜−1 is a Fredholm operator.
The assertion is now a consequence of Corollary 2 and of the Δ-relation (9). 
Being clear that Theorem 3 is not a complete characterization of all the regularity properties
of WHφ , we would like to point out that under the conditions of the theorem some open questions
remain to be answered. This is the case of conditions (c) under which it is not even possible to
directly decide if WHφ is normally solvable or not (without taking into account the auxiliary
operator T ).
4. Index formula
In this section we will present a formula for the Fredholm index of the Wiener–Hopf plus
Hankel operator WHφ :Lp+(R) → Lp(R+), defined in (1), when the Fourier symbol φ satisfies
the conditions of case (d) of Theorem 3.
336 A.P. Nolasco, L.P. Castro / J. Math. Anal. Appl. 331 (2007) 329–341Consider  ∈ GC(R˙). The number of times that the curve traced out by the point (x), as x
moves from −∞ to +∞, surrounds the origin counter-clockwise is known as the winding num-
ber of  (in relation to the origin) and it is denoted by wind.
Let φ ∈ GSAPp . From the proof of Theorem 3, we have
φ = (1 − u)d(φl)eκ(φl)eωl + ud(φr)eκ(φr )eωr + φ0,
where u is a monotonically increasing real-valued function in C(R) for which u(−∞) = 0 and
u(+∞) = 1, φl,φr ∈ GAPp, φ0 ∈ Cp(R˙) such that φ0(∞) = 0, and ωl,ωr ∈ APp satisfying
M(ωl) = M(ωr) = 0. We introduce here the auxiliary function
φ#(x) = φ(x)e−(1−u(x))(iκ(φl)x+ωl(x))−u(x)(iκ(φr )x+ωr(x))d(φl)u(x)−1d(φr)−u(x).
Since φ#(−∞) = φ#(+∞) = 1, we have that φ# ∈ GCp(R˙). Using this auxiliary function, we
will reduce the problem of determining the Fredholm index for a Fredholm Wiener–Hopf plus
Hankel operator with SAPp Fourier symbol to the computation of the Cauchy index of a contin-
uous function—as stated in the following theorem.
Theorem 4. Let φ ∈ GSAPp (with 1 <p < ∞). If κ(φl)+ κ(φr) = 0 and 0 /∈A(d(φr )d(φl) ,
d(φl)
d(φr ) ; 1p ),
then
Ind WHφ := dim Ker WHφ − dim Coker WHφ = −windφ#.
Proof. Since φ# ∈ GCp(R˙), Hφ# is a compact operator and Wφ# is a Fredholm operator with
IndWφ# = −windφ#.
Due to the compactness of the operator Hφ# , it holds that WHφ# is a Fredholm operator and
Ind WHφ# = IndWφ# = −windφ#.
For λ ∈ [0,1], define
φλ(x) = φ#(x)eλ((1−u(x))(iκ(φl)x+ωl(x))+u(x)(iκ(φr )x+ωr (x)))d(φl)(1−(u(x))λ)d(φr)(u(x))λ .
As we can see, φ0 = φ#d(φr) and φ1 = φ. Because WHφ#d(φr ) = d(φr)WHφ# , it follows that
WHφ#d(φr ) is also a Fredholm operator with a Fredholm index given by
Ind WHφ#d(φr ) = Ind WHφ# = −windφ#. (14)
Up to now we have reached the conclusion that WHφ0 and WHφ1 are Fredholm operators, and
such property remains to be studied for WHφλ , with λ ∈ (0,1). Since for λ ∈ (0,1),
(φλ)l = eλκ(φl)eλωl d(φl), (φλ)r = eλκ(φr )eλωr d(φr),
we get κ((φλ)l) = λκ(φl) and κ((φλ)r ) = λκ(φr). Additionally, using the fact that M(ωl) =
M(ωr) = 0, we also have d((φλ)l) = d(φl) and d((φλ)r ) = d(φr). From the hypotheses of the
theorem, we have κ((φλ)l)+ κ((φλ)r ) = 0 and
0 /∈A
(
d((φλ)r )
d((φλ)l)
,
d((φλ)l)
d((φλ)r )
; 1
p
)
.
Thus, from Theorem 3(d) we may conclude that, for all λ ∈ (0,1), WHφλ is a Fredholm operator.
Since the map
[0,1] → L(Lp+(R),Lp(R+)), λ 	→ WHφλ
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Ind WHφ = Ind WHφ1 = Ind WHφ0 = Ind WHφ#d(φr ). (15)
Combining (14) and (15), it follows the announced index formula
Ind WHφ = −windφ#. 
To illustrate the previous theorem—and to exemplify its importance—we present the Fred-
holm index for three Fredholm Wiener–Hopf plus Hankel operators in Lp spaces, having a
Fourier symbol in GSAPp , in the following cases: (i) p  2; (ii) 1 <p  2; (iii) p 
= 2.
Example 1. Consider the function (see Fig. 1)
φ1(x) =
(
1 − u1(x)
)
(1 + i)e2ix + u1(x)5e−2ix + φ10(x), (16)
where
u1(x) =
{ 1
2e
x if x < 0,
1 − 12e−x if x  0,
and φ10(x) =
{ 5 sin(x)
x
if x 
= 0,
5 if x = 0.
Fig. 1. The range of φ1(x) for x between −100 and 100.
Fig. 2. The oriented graph of φ#1 (x) for x between −1000 and 1000.
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WHφ1 :L
p
+(R) → Lp(R+) is a Fredholm operator because 0 /∈ A( 51+i , 1+i5 ; 1p ), for all 2 
p < ∞. Additionally, from the oriented graph of φ#1 (cf. Fig. 2) we have windφ#1 = −1 and
using Theorem 4, we obtain Ind WHφ1 = 1.
Example 2. Consider now the function φ2 (see Fig. 3) given by
φ2(x) =
(
1 − u2(x)
)
(1 + i)eiπx + u2(x)2ie−iπx + φ20(x), (17)
Fig. 3. The range of φ2(x) for x between −1000 and 1000.
Fig. 4. The range of φ#2 (x) for x between −1000 and 1000.
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u2(x) = 12 +
1
2
tanh(x) and φ20(x) = 1
x2 + 1 .
Applying proposition (d) in Theorem 3 to WHφ2 , and since 0 /∈ A( 2i1+i , 1+i2i ; 1p ) for all
1 < p  2, it follows from (17) that, for 1 < p  2, WHφ2 :Lp+(R) → Lp(R+) is a Fredholm
operator. Additionally, directly from the graph of φ#2 (cf. Fig. 4) we observe that windφ#2 = 0.
Consequently, Theorem 4 provides us with Ind WHφ2 = 0.
Fig. 5. The range of φ3(x) for x between −250 and 250.
Fig. 6. The range of φ#3 (x) for x between −1000 and 1000.
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φ3(x) =
(
1 − u3(x)
)
iei
2
5 xee
iπx + u3(x)e−i 25 x + φ30(x), (18)
with
u3(x) = 12 +
1
π
arctan(100x) and φ30(x) = e−|x|.
Let p 
= 2. Due to 0 /∈A( 1
i
, i; 1
p
), it follows from (18) and proposition (d) in Theorem 3 that,
for p 
= 2, WHφ3 :Lp+(R) → Lp(R+) is a Fredholm operator. Moreover, from the graph of φ#3
(cf. Fig. 6) we have windφ#3 = 0, and according to Theorem 4 we obtain Ind WHφ3 = 0.
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